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ABSTRACT
The identification in affine Toda field theory of the quantum particle with the
lowest breather allows us to re-interpret discrete modes of excitation of solitons as
breathers bound to solitons, and thus to investigate them through the proposed
soliton-breather S-matrices. There are implications for the physical spectrum and
for the semiclassical soliton mass corrections.
1 Introduction
In a recent series of papers[1,2,3] (to which the reader is referred for background and notation)
we have constructed S-matrices invariant under a variety of quantized affine algebras, and
have conjectured that they describe quantum affine Toda solitons[4,5] and their bound
states. This is a strong conjecture to make, because the Hamiltonian of the theory is
complex, and although the solitons have real energies, momenta and higher-spin conserved
charges, the quantum theory would appear non-unitary. Further, classically the solitons
may be unstable[6], and have topological charges which do not fill the relevant multiplets.
It is quite possible that only in some suitably restricted sector can the classical solitons be
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quantized, or our exact S-matrices describe them. Nevertheless there is much commonality
of structure, and we proceed on the assumption that the spectrum of affine Toda theory
(with its solitons, excited solitons, breathers and particles) is what the S-matrices describe,
which leads in each case to the identification of the lowest scalar soliton bound state or
‘breather’ with the quantum particle. In this letter we examine the implications for the
semiclassical discussion of the solitons.
In the semiclassical calculation of the soliton masses[7,8,9], the zero-point energies of all
the modes of vibration of the solitons were summed. These included a set of discrete
modes, which could be regarded as a particle bound to a soliton. Some of these discrete
modes are linearizations of the excited solitons present in the spectrum. Should the rest
also be identified with physical states, to be invited to the bootstrap? If the particle is
identical to the lowest breather, we can attempt to provide an answer through the pole
structure of the soliton-breather S-matrices. We describe this in the next section.
The semiclassical mass calculations had unresolved problems for certain solitons for
nonsimply-laced untwisted algebras. Specifically, there was a multiplicity in the zero of the
transmission coefficient of a wave incident on a soliton and thus in the frequency of the
associated discrete mode. Had these been counted with multiplicity, the masses would then
have agreed with the soliton S-matrices; yet despite several attempts only one such mode
for each eigenvalue could be explicitly constructed. In the soliton-breather S-matrices,
however, the frequencies of the discrete modes can be read off exactly, and we find that
the degeneracies are split by higher-order contributions in the coupling constant, so that
the full multiplicity of modes must therefore exist. We describe this in the last section.
2 Discrete modes and S-matrix poles
Suppose there is a discrete mode solution to the equation of motion for a small perturbation
to a soliton of type a, and that this solution takes the asymptotic form of a particle of type
b at x → −∞, and has frequency ν = mb sin φ. Now let us identify the particle with the
lowest breather state B
(b)
1 and denote the soliton of type a as A
(a). If S
B
(b)
1 A
(a) has a pole
at rapidity difference θ = ipi
2
− iφ+O(β2) (where β is the coupling constant) then the mass
of the intermediate state is mb sin φ + O(β2) more than the mass of the original soliton,
and we might expect the discrete modes to coincide with such poles.
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For d
(2)
n+1 this is indeed what we find. The possibility of constructing a classical bound
state is signalled by a zero in the transmission coefficient for a wave scattering off a soliton,
and comparing the expressions for the transmission coefficients[10,9] (which are the phase
factors Xa b(η) for solitons of rapidity difference η) with those for the S-matrices
[2], we find
that for each zero/pole in Xa b(iφ), there is precisely one pole/zero (plus its cross-channel
partner) in S
B
(b)
1 A
(a)(
ipi
2
− iφ+O(β2)).∗
Thus all the discrete modes (including those putative bound states whose existence was
forbidden classically by their bad asymptotic behaviour at x→∞) are contained among,
though generally they by no means exhaust, the relevant (i.e. 0 < φ < pi
2
) simple poles
in the S-matrix. Among the poles associated with the allowed classical bound states, in
turn, are found those already included in the bootstrap as excited solitons. (Recall that a
pole’s being simple is not alone enough for its inclusion as a physical state: a generalized
Coleman-Thun mechanism can lead to on-shell higher-order diagrams which nevertheless
correspond to simple poles in the S-matrix.)
Consider, as an example, the d
(2)
3 theory
[2]†. There are two species. The transmission
coefficients are
X1 1(η) = {1}{−1/2}
X1 2(η) = X2 1(η) = {
√
3/2}
X2 2(η) = {1}{1/2}
where
{a} = cosh η − a
cosh η + a
,
and the condition for a zero in X to give a normalizable bound state is that mb cosφ < ma.
Thus there are two allowed discrete modes, for a = 2 and b = 1, 2, whilst that for a = 1
and b = 2 is disallowed.
The necessary S-matrices are
S
B
(1)
1 A
(1)(θ) =
(
−ω
2
)(
−5ω
2
− 1
)(
3ω
2
)(
3ω
2
+ 1
)
∗This is in contrast to soliton-soliton scattering, where, at least for d
(2)
3 , the correspondence is
between the zeros/poles in Xa b(iφ) and poles/zeros in SA(a)A(b)(iφ).
†A more detailed discussion of the d
(2)
3 pole structure can be found in
[11].
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S
B
(1)
1 A
(2)(θ) = SB(2)1 A(1)
(θ) = (2ω)(ω + 1)
S
B
(2)
1 A
(2)(θ) =
(
5ω
2
)(
ω
2
+ 1
)(
3ω
2
)(
3ω
2
+ 1
)
,
in which we have used the notation
(y) ≡
sin
(
pi
hλ
(µ+ y)
)
sin
(
pi
hλ
(µ− y)
) , λ ≡ 4pi
β2
− 4
3
, ω ≡ 2pi
β2
−1 , µ ≡ −ihλ
2pi
θ and h = 3 ,
and we see that for each {sin(api/6)} in X we find one factor (aω/2 +O(1)), and its cross
channel partner, in S.
Of the relevant poles, first note that those at µ = 3ω
2
+ 1, in S
B
(1)
1 A
(1) and SB(2)1 A(2)
,
correspond to the fusion into elementary solitons A(1) and A(2) respectively, whilst the
poles at µ = 3ω
2
are their cross channel partners. Classically they correspond to zero
modes, at φ = 0. Of the poles at µ = ω + 1, that in S
B
(1)
1 A
(2) corresponds to the excited
soliton A
(2)
1 , whilst that in SB(2)1 A(1)
is classically the discrete mode disallowed by its bad
asymptotic behaviour. In the quantum theory this pole was not included in the bootstrap
but could be explained by the following higher(-loop)-order diagram, in which the S-matrix
denoted by the black dot has a simple zero:
✁
✁
✁
✁
❆
❆
❆
❆
✚
✚
✚
✚
✚
✚
✚
✚❩
❩
❩
❩
❩
❩
❩
❩
❆
❆
❆
❆
✁
✁
✁
✁
✇
A(1) B
(2)
1
A(1)B
(2)
1
B
(1)
1
B
(1)
1
A
(1)
B
(1)
1
B
(1)
1
A
(1)
✻
µ = 2ω
✲µ = ω + 1
The interesting pole is that at µ = ω
2
+ 1 in S
B
(2)
1 A
(2) , since this corresponds to an allowed
classical bound state and yet was not included in the bootstrap as a physical state, but
was explained by the higher-order diagram shown below. (The pole at µ = 5ω
2
corresponds
to the same process in the cross channel, as indicated by the arrows in the diagram.)
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✁
✁
✁
✁
❆
❆
❆
❆
✚
✚
✚
✚
✚
✚
✚
✚❩
❩
❩
❩
❩
❩
❩
❩
❆
❆
❆
❆
✁
✁
✁
✁
✇
A(2) B
(2)
1
A(2)B
(2)
1
B
(1)
1
B
(1)
1
A
(2)
1
B
(1)
1
B
(1)
1
A
(2)
1
✻
µ = 52ω
✲µ = ω2 + 1
Of course, this does not forbid the pole’s inclusion in the bootstrap; it merely shows it
not to be necessary. In the absence of a way of summing diagrams and relating them to
S-matrix residues, as is possible for the particle S-matrices[12], we cannot prove that these
poles should not be invited to the bootstrap. Nevertheless we believe that they are not,
and that the spectrum given previously[2] is complete. Poles in our S-matrices seem to
correspond to precisely one on-shell diagram: for example, in those poles which are invited
to the bootstrap we do not find further higher-order diagrams to confuse the issue.
In the above diagram we note that all the internal states are expected to be quantized
forms of classical solutions. The classical bound state might therefore be expected to be the
linearized form of the classical solution at any time during the process (i.e. corresponding
to any vertical slice through the diagram). Presumably the same then applies to the pole
considered on the previous page, at µ = ω + 1 in S
B
(2)
1 A
(1) , for which the classical mode is
disallowed. It is not clear what distinguishes the two at S-matrix level.
3 Lifting of degeneracy in discrete modes
The theories based on untwisted nonsimply-laced algebras are more complicated in several
ways. The construction of S-matrices was only possible relatively recently, with the advent
of solutions of the Yang-Baxter equation for twisted algebras[13,3], and there are outstanding
problems with the semiclassical soliton masses.
In such theories the solitons are obtained by ‘folding’ the Dynkin diagram of a (‘parent’)
simply-laced theory. Most of the solitons have single parents, but some are obtained by
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folding parent multisolitons, and (solely) in the case of particles traversing such multisoli-
tons, the zero in X occurs with multiplicity. However, the corresponding multiplicity of
classical solutions could not be found, so the contributions were counted only once. As
pointed out in the notes to the original papers[9,8], the full multiplicity is needed for agree-
ment with the soliton mass ratios predicted by the exact S-matrices, and somehow the
degeneracy has to be broken.
Using the breather-particle correspondence, we can check whether this happens, since
the S-matrix poles are exact to all orders in β2. Let us take as our example the b(1)n theory,
where the nth soliton is folded from the nth and n+1th solitons in the d
(1)
n+1 theory. The
transmission coefficient for particle a through soliton n is {sin(api/2n)}2, and the mode
with frequency ma cos
(
api
2n
)
thus appears with a problematic double zero.
The relevant S-matrix is
S
B
(a)
1 A
(n) =
a∏
k=1
(
ω
2
(2k − a) + 3
4
)(
ω
2
(2n− 2k + a)− 1
4
)
×
(
ω
2
(2− 2k + a) + 1
4
)(
ω
2
(2n− 2 + 2k − a) + 1
4
)
,
where now
λ ≡ 4pi
β2
− 2n− 1
2n
, ω ≡ 4pi
β2
− 1 , µ = −ihλ
2pi
θ and h = 2n ,
and we wish to examine the poles at θ = aipi
2n
+O(β2). What we find is not a double pole
but two closely separated simple poles, at µ = a
2
ω+ 1
4
and µ = a
2
ω+ 3
4
(which for general a
we expect to correspond to higher-order diagrams). Thus we expect that the frequencies,
degenerate at O(1), are separated at next order and should therefore be counted with
multiplicity.
This does not settle the question of the validity of the semiclassical approximation; it
merely shows the S-matrix and our interpretation of it to be self-consistent. We still
do not know whether the correct multiplicity of distinct solutions can be constructed
semiclassically‡, or whether instead some demisemiclassical method is required, producing
solutions indistinguishable at semiclassical order. Nor, if some such method were to be
‡Some effort has failed to produce them[14], but not yet enough for us to suggest that they
do not exist. In particular, our boundary conditions may have been too constraining, with the
problematic cases being especially sensitive to the regularizing of the system by its being placed
in a box.
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used, could we yet characterize from S-matrix information alone which poles correspond
to discrete modes, or whether they have allowed asymptotic behaviour.
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